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INTRODUCTION AND F IRST  RESULTS 
Let X = [a, b] and X t be compact intervals of ~ with X '  C X. By Ck(X), k >_ O, we denote the 
space of all real-valued and k-times continuously differentiable functions on X. D i is the ith differ- 
ential operator and I]" ]1 denotes the sup-norm in C(X) = C°(X). Moreover, FIk is the subspace of 
C(X) spanned by {e0, . . . ,  ek}, where e~(x) = x i, i.e., Hk = (e0 . . . .  , ek). Besides, let w(S, .) be the 
modulus of continuity of S e C(X), i.e., for $ > 0, w(f, ~) = max{IS(x ) - S(Y)I : x, y • X, Ix - 
y] < ~f}. Finally, we define H~ := {f  • C(X) : f[zo,. . . ,  xi] >_ 0 for any x0 , . . . ,  zi • X}, where 
f[xo . . . .  , x~] is the divided difference of order i of f with respect o the nodes x0 , . . . ,  x~. 
As a direct consequence of the well-known result of Shisha and Mond [1], we have the following 
quantitative stimate whose proof is omitted because it closely resembles the proof in [1]. 
THEOREM 1. Let k > 0 and let L : Ck(X) --* Ck(X ') be a linear operator verifying that 
L(Hkx n Ck(X)) C H~,. Then, for f • Ok(X), x • X', 6 > O, 
-~.D1 k / 1 kLek(x) --~--]f~2(x)~ w (Dkf,~) IDkf(x) -- DkLf(x)l < ID~f(x)l 1 - Lek(x) + ~.D + 
where f~2(x) = DkL((2/(k + 2)!)ek+2 - (2/(k + 1)!)xek+l + (1/k!)x2ek)(x). 1 
On the other hand, Knoop and Pottinger [2], extending the result of Shisha and Mond [1], 
obtain the same quantitative estimate under the assumptions that the linear operator L is almost 
convex of order k - 1 and L(FIk_I) C Hk-1. 
Here, given a subspace V of C(X) and k > 1, we say that an operator L : V --* C (X ' )  is 
called almost convex of order k - 1 (cf. [2]) if there exists p > 0 integers is, 1 < j < p, satisfying 
0 < il < .. .  < ip < k such that L maps functions of (Nj=lP H~) n H~ n V into g~, .  
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Nevertheless, in the following proposition we establish a strong relationship between the hy- 
potheses of both previous results. 
PROPOSITION. Let k be a positive integer and let L : Ca(X) -~ Ck(X  ') be a linear operator, 
almost convex of order k - 1 such that L(Hk- I )  C Ha-1. Then L(Hkx N Ck(X))  C H~,. 
PROOf. Let f • H k N ck (x ) .  As L is almost convex of order k - 1, then there exists 
p _> 0 integers ij, 1 < j < p as above. If we define the function g • Hk-1 as g(x) = 
k--1 ~-~s=o IID~fll( x - a)S/s!, Vx • X,  then f +g • (~P=I H~)NH~NCk(X)  • Indeed, for j  = 1, . . .  ,p, 
k-1  
DiJ(f  + g)(x) = Di~f(z) + IIDiJfll + ~8=i~+1 IIDSflI( x - a)~-~/( s - ij)! >_ 0, Vx • X,  and 
Dk( f  + g) = Dk f >_ O. 
Consequently, the almost convexity of L implies that L( f  + g) = L f + Lg • H~, A Ck(X') .  
Now since L(1-Ik-1) C Hk-1, we have that 0 _< DkL( f  + g) = DkLf ,  and so L f  • I lk, .  | 
Although Theorem 1 is stronger than the result of Knoop and Pottinger [2], notice that the 
hypotheses of this last one are easier to check. 
In the remainder of the paper, we state a new estimate for the k th derivative of a function 
by means of an operator that verifies more interesting shape properties related to derivatives of 
degree greater than k. We also show an example. 
THE MAIN RESULT 
Let us suppose now that the operator L we want to use to approximate the k th derivative 
of a function of Ck(X)  does not verify the inclusion L(Hkx A ck (x ) )  C H k, but there exists 
p > 0 integers ij, 1 _< j < p, satisfying k + 1 < il < .. .  < ip such that L maps functions from 
H k N utr~Plj=l Hi~xJ N C~(X)  into Hkx , . Next we state a new result for this kind of operator. 
THEOREM 2. Let k,r  be two integers verifying 0 <_ k < r - 1 and let L : C~(X) --* Ck(X  ') be a 
linear operator. Assume that there exists p > 0 integers ij, 1 <_ j < p, satisfying k + 1 < il < 
• .. < ip = r such that L maps functions from Hkx N ([']P=I H~) A C~(X) into H~,. 
Then for f • C~(X), Dk f  being nonconstant, x • X '  and 6 > O, 
1 k 
where 
(i) ~2(x) ---- DkLgx(x), gx being the only function of the subspace (ek, . . . ,  er) that verifies 
Drgx(t) = 2 Vt • X,  Digs(a) = 2 + (b - a)t[Di+lgx[I for i = r - 1,r - 2 , . . . , k  + 2 
whenever k + 3 < r and Dk+lgx(x ) = Dkgx(x) = O, i.e., gx(t) ---- ~[=kai(t  - a)i/i! 
r where by recurrence ar = 2, as = 2 + (b - a) ~-~j=i+l aj((b - a) J - i -1)/(( j  - i - 1)!) for 
r a i = r - 1, r - 2 , . . . , k  + 2, ak+ 1 ---- -- ~-~j=k+2 j ( (X  - -a ) J -k -1 ) / ( ( j  - -  k - 1)!), and ak  = 
- ~--]~=k+l aj((X - a)J-k)/(( j  - k)!), 
(ii) N = max((52[lD~fll)/(2~(Dkf,~)), 1}, Vj = 1 , . . .  ,p. 
PROOF. Let f 6 Cr (X) ,  Dkf  being nonconstant, x E X '  and 6 > 0. Following the proof of the 
result of Shisha and Mond [1], we have 
(t - x) 2 )  w (Dkf, 6), Vt 6 X. (1) [Dkf(t) -- Dkf(x) l  < 1 +- - -7  
On the other hand, as Dkgx(x) = Dk+lgx(x) = 0 and Dk+2gx(t) = Dk+2gx(a ) + f :  Dk+3gx(z) dz 
= 2+(b-a ) l lDk+3gx l l+f :Dk+3gx(z )dz  >_ 2, Vt E X,  then nkg=(t) >_ ( t -x )  2, Vt 6 X 
and consequently using equation (1), we obtain Dk(f  - Dk f(x)(1/k!)ek + w(Dk f, ~f)(1/k!)ek +
N(w(Dk f , 5)/62)gx) >_ 0 and nk( - f  + Dk f(x)(1/k!)ek +w(Dk f , 5)(1/k!)ek +N(w(nk  f , 5)/52)g~) 
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:> 0. Besides, for j = 1,.. .  ,V, since D+Jgx(t) = f:  D+J+tgx(z)dz ÷D+Jgx(a) = f:  D+J+lgx(z)dz + 
2+(b-a)  IIDiJ+tgxll _> 2, we have that D +j ( f -Dkf(x)(1/k!)ek+w(Dkf,  +)(1/kt)ek +N(w(Dkf, 5) 
/5~+)g:+) = D~ f + N(w(Dk f , 5)/59+)D~g~ > 0 and D ij (--f + Dk f(z)(1/k!)ek +w(Dk f , 5)(1/k!)ek + 
y(w(Dkf ,  5)/+2)g+) = -DiJ f + Y(w(Dkf,  5)/di2)DiJg+ >_ O. 
In other words, 
f - -Dk f (x )~ek+w(Dk: ,5 )  ek+N 52 g+•Hkx n 
• j= l  
and 
- f+D f (x )~.ek+w(Dkf ,5)  ek+ 52 5)gxeHkn NH~ NCr(X)  . 
• \5=1 / 
Then using the hypothesis on L and the definition of f~2(x), we have that evaluating at the point x 
Now adding equation (2) to this further one IDkf(x)(1/kt)DkLek(x)-Dkf(x) l  = ID+f(x)l l(1/k+) 
DkLek(x) - 11, we have the result• I 
REMARK• Notice that the estimate we have just stated is similar to the one of Theorem 1. The 
term (~2(x)/52)w(Dkf, 5) where f~2(x) = DkLgx(x), g:~ being the only function of the space 
(ek, ek+l,ek+2) that verifies Dkgx(x) = Dk+lgx(X) = 0 and Dk+2g:+ = 2, has been replaced by 
max{(t32(x)/52)w(Dkf,5), (llDi~fN/2)~2(z)}, Vj = 1,..• ,p, where now ~2(x) is as in (i) in the 
previous theorem• 
EXAMPLE• (Cf. [3,4]•) Let {K,+},+_>I, K,+: C[0, 1] -+ C[0, 1], be the sequence of linear operators 
defined by 
[1 [-1+1 - -  X2~ X E O, , ] (O)+f  O, x÷]  O, n, 
K,+f + DK,, f  x - 
Kn f (x )= +f  [ i , i+ l  in  , ~2]  ( _  . x - i )  2, xE  ( i  n l ]  ' i= l "•• 'n -3 '  
K,+f + DKnf  x 
n 
+f[n -2  n -1  ] ( n -2 )  2 ( i+n-2 ] 
, ,1  x , x E \ - - , 1  • 
n n n 
Then K,+ are not positive operators, but if f > 0 and f[xo, xl, x2] :> 0 for all x0, Xl, x2 E [0, 1], 
then K,+f > O. 
PROOF• Let f(t) = t(1 - t), then K,+f(x) = x(1 - x) - x/n. This proves that the operators are 
not positive• We shall prove the last assertion through several steps• 
(a) Let f E C[0, 1], then it can be checked by recurrence that D(Knf)( i /n) = n(f((i  + 1) /n ) -  
f( i /n)) for i = 0 ,1 , . . . ,n -  2. 
(b) If in addition, we suppose that f[xo, xl, x2] _> 0 for all x0, xl, x2 • [0, 1], again by recur- 
rence it is possible to show that Knf( i /n) >_ f( i /n) for i = 0, 1, . . . ,  n - 2. 
(c) Let f • C [0,1], f > 0, and f[zo,zt,x2] >_ O, Vzo,xl,x2 • [0,1]. Then for every 
i = 0, 1 , . . . ,  n - 3, and for every x • [i/n, (i ÷ 1)/n], we have K,+f(x) > O. 
All[ tl-4-~ 
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Indeed, (a) and (b) yield Knf (x )  ~ f ( i /n )  + n( f ( ( i  + 1)In) - f ( i /n ) ) (x  - i /n)  + (x - i /n )2 f [ i ln ,  
(i + 1)In, (i + 2)/n]. By using again the convexity condition on f, we have that f[i/n, (i + 1)/n, 
(i + 2)/hi  > 0 and f ( i /n )  + n( f ( ( i  + 1)/n) - f ( i /n ) ) (x  - i /n)  > f (x ) .  This proves that  Knf (x )  
> 0. 
(d) Let f as in (c) and let x E [(n - 2)/n,  1], then Knf (z )  >_ O. 
To prove this, first we write Knf (x )  = Klnf(z)  + K~nf(z) where Klnf(x) = Knf ( (n  - 2)/n)  + 
(x -  (n - 2 ) /n )DKnf (  (n - 2)/n)  + (1 /2 ) (x -  (n - 2)/n)2 f [ (n - 2)/n,  (n - 1)/n, 1] and K2 f (x )  = 
(1/2)(z  - (n - 2) /n)2f[ (n - 2)In, (n - 1)/n, 1]. Now, from (a), Knlf(1) = Knf ( (n  - 2)/n)  + 
2( f ( (n -  1)In) - f ( (n -  2)/n))  + (f(1) - 2 f ( (n -  1)/n) + f ( (n -  2)/n))  = Knf ( (n -  2)/n)  + 
f (1 ) - f ( (n  - 2)/n).  On the other hand, D2(Klnf)(x)  = f[(n - 2)In, (n - 1)In, 1]. Consequently, 
if we define h(x) = B2f (x )  + Knf ( (n  - 2)/n)  - f ( (n  - 2)/n),  where B2 : C[(n - 2) In,  1] --* H2 
is the classical Bernstein's operator in [(n - 2)/n,  1], and if we use the equalities h((n - 2)/n)  = 
K~f( (n  - 2)/n) ,  h(1) = K l f (1 ) ,  and D2h(x) = D2(Klnf)(x),  we obtain Kl  f (x )  = h(x). 
Finally, h(x) = K~f (x )  > 0 by the positivity of the Bernstein operator and (b) for i = 
n - 2. Besides, K2f (x )  > 0 because f [ (n - 2)/n,  (n - 1)/n, 1] > 0. This proves that  Knf (Z)  = 
g~f (x )  + g2  f (x )  > O. i i  
COROLLARY. Let Kn be the sequence of the example. Let f be a nonconstant function o/C2[0, 1] 
and x E [0, 1]. Then, for n = 1, 2 , . . . ,  
(~n)  {x  [[D2fi[ 
[Knf(x)  - f (x) l  < w f,  + max 2n 
( 1)} 
PROOF. We shall apply Theorem 2 with X = X '  = [0, 1], k = 0, and r = 2. Let f E C2[0, 1], f 
being nonconstant, x E [0, 1], and 6n > 0 for n = 1, 2 , . . . .  Then, for n = 1 ,2 , . . . ,  
I f (x) - Knf (x ) ]  < If(x)[ ]1 - g~e0(x)[ + (Kneo(x)  + N/32(x)~ w(f, fn), 
- 61 ) 
where 132(x) = Kn(e2 -2xe l  + x2eo)(x) and N = max((621ID2fi i ) /(2w(f,  fn)),  1). Using the 
equalities Kneo = co, Knel  = Ca, and Kne2 = (1/n)el  + e2 that can be easily checked, we obtain 
that /32(x)  = x /n  and i f(x) - gnf (x ) [  <_ (1 + (xg /n f2) )w( f ,  6n). Now taking bin = 1/x/~, the 
proof is completed. | 
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